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Supporting Hyperplanes

Y = R

y = F(u)

B

D v#�R5M| L�3 @ 5 3 B >?/1�s;=� N 3 v v @�S1FRE E
u1

FR5M�
u2

FR5x� 0 2 0PS W
0 � α � 1

�

α f 2 u1 354 2 1 / α 3 f 2 u2 3�� f 2 αu1 4 2 1 / α 3 u2 3��
� L 3 B;B&FI3}� L @ QP0�� !UAQ'E>x!Q4 N�>?/�� ;.�7N 3 v L~z 0 FRQP@ 2 0,3 5 00/ �AF4E 3ML W 3MB;B L+S 3}| L 8 ��" z 0
w STF���z @2v1L~z 0 v �R5M| L�3 @ 5 3 B 5 @�{
z 0 S 0 �NF%Lc� 8
�(q �1de���%� � �:9 ��� q �1� r ��� � q q �1���8� �54 r ��� q ��
 ( r � t �8�1� r � � �!�	�6�:�`� r ��� � q
�i���X�:� �:�<�;� rst �	� � r ��� q �1�kC






� � � ��� ����� ��	� ���
� '� � L�*]

��
��

D v#�R5M| L�3 @ 5
f
3MB��T/�� ��A
	 ��JK'��� /��&!U'E� "k/ " � ��E68 B!8 |48+� 3 v

f 2 u0 3 � liminf
i � ∞

f 2 ui 3
v @�S F4E EVB 00/ � 0P5M| 0 B

ui � u0
8

�



� ���l� ��� �6���S	Z�


 � L+S @ 5xw � @ 5!2 0PSWwI0P5M| 0-, ui � u0
3 v -.-

ui / u0
-.- � 0

F B
i � ∞

8

 % 0%F�o � @N5 2A0 SWw40 5M| 0-, ui �

w
u0

3 v
l 2 ui 3 � l 2 u0 3 F B

i � ∞
v @�S�FRE E

l � B � 8

�b(1� �:�=�8� r ��� �:� r 9 �;�+9 rst ��� r � q � � q � � �j���12 q �)(1�:� � q �3�`� q �
9 q �1d!�:� 2B�:�:9k� �+�0�)( r ���)( q � 2 ( q �1� � r � t5q ��� �;(1� �D�+9k� �1� q �D�1� �;�5� � q �
r �`�!�)�=� 9`��� r 9k� � �;(1� 
M� r > � q � q t0q 2*� ��� 9 r �1� � ��� � 9 q ��� r 9 �)�1� � � � q �
9 t0q � �A� r �:�  q � � �*� � � �!�6� 
 �;(:�1��� r ��� �*�e� r � t ���  C

�



� � r ��� t � �
B
�i�)(1� ��� r 9k� q �

L2 � � �:9 �;� q �1� q � r �`� r � � ����� � r 9k� 2 Ω � µ 3
-.-
u
-.- 1

�
Ω

-
u 2 x 3 - 2dµ 2 x 3�� 1

2

� � 0(LU@ L=z 0 7 3>0�B � 7O0%� S 0�B 0P5!L F%L�3 @ 5 L=z 0 @VS 0PG � { 09|%F45 0+< � S 0 B B$L~z 09� �AFRE
B?�AFM|�0

B � F%B FRE E E 365 0%F S v#�R5M| L�3 @ 5AFRE B$@2v1L~z 09vT@VS G ,

lg 2 u 3 1
�

Ω
g 2 x 3 u 2 x 3 dµ 2 x 3 �

� �;� q �<2 �(q �1de�1� 2*�1�:9k�
ui � u0

365 L=z 0 B L+S @ 5xw�LU@ � @NE @ w W 3 v

lim
i � ∞

-.-
ui / u0

-.- 1 lim
i � ∞

�
Ω

-
ui 2 x 3*/ u0 2 x 3 - 2dµ 2 x 3 � 1

2 1 0

' � r > � q �:d!�:� 2*�:�:9k�
ui � u0

365 L=z 0D{ 0%F�o�LU@s�P@ E @ w W 3 v

lim
i � ∞

lg 2 ui 3*/ lg 2 u0 3 1 lim
i � ∞ Ω

g 2 x 3 2 ui 2 x 3D/ u0 2 x 3 3 dµ 2 x 3 1 0

v @�S F4E E
lg � B � � @VS�00/ �I3 2 FRE 0P5%L+E=W�� vT@VS FRE E lg � g � B

� 8

���



� � ��� 	g7�lL�*]

D v#�R5M| L�3 @ 5
F

G(F����I3 5xw 0PEM0PGH0P5%LUB*vUS @NG F $ F45AFM|%z B?�AFM|�0
B

LU@ � 3 B
|�@ 0PSB| 3 2 0,3 v L~z 0 EM0 2 0PE�B 0 L B�F S 0 QP@s�R5M�40�� @�S10 / �I3 2 FREM0 5%L E W 3 v

F 2 u 3 � ∞
F B

-.-
u
-.- � ∞ �� ����� �
����
	 '�Q7�B] � � # � � 	 �P� � # U���
���

f’ = − 0.5

f = [−2, 2] 

Derivative
Local Subdiferential

� q 9 rst t � �:���1� r � � 0PS 3 2PF!L�3 2 0�B�F S 0�E @ |%FRE E 365 0!F S F��1� S @!<�36G(F!L�3 @ 5 B , L~zI3 B
{ @VSQo B 365 365+*.5I3ML 0�� 36G 0P5 B 3M@N5AF4E�B?�AFx| 0�B�F B;0!F B 36E=W�F%B�365 @ 5 0 � 36G 0 5 B 3 @ 5AFRE
B?� FM| 0�B!8 �I����� @IB 0(L~zAF%L�,

F : � 3 � � 2

"�z 0P5<�
DF

{ 3 E E QP0 F E 365 0%F S�@s�C0 STF%LU@VS vUS @ G � 3 LU@ � 2 FR5M�P|%FR5 QC0
S 0%� S 0�B 0P5!L 0�� Q W�F G(F%L+S 3=<K{ 3ML~z�� |�@NE5�RG 5 B FR5M��� S @x{ B!8

� �1�3�5d r ���+d!� � r � � �)(1� � � rst �h� r 9k� � v
F : B � � L=z 0 5

DF
3MB(365 L=z 0

� �AFRERB?�AFM| 0
B � 8

� �



����� � 7�I� #y'� ���9� ���� � U� � � ���%� � �9� ����� L���+��� ��6� ���  �
�I� ��� �I�� � �

�1� q �D�1� � � gh�*�5�K� �i�8�`�1�:�j� q � rst ���1g �D���6� � ���`�:�1�j� q � rst
|�@ 5%L�365��I3ML W FRE E E 365 0%F S G(F1� B

|�@ 5%L�3 5�� @s� B
QP@s�R5M�40�� E 365 0%F S
G(F��%B�|�@ 5%L�365�� @s� B

|�@ GK�AFM| L 5 0 B B L=z 0 �R5C3ML QAFRE E 3 B
|�@ GK�AFM| L

L~z 0��R5I3ML;QAF4E EV3MB�J��"
|�@ GK�AFM| L

5 @�S GHB D;E E 5 @�S GHB F S 0
00/ �I3 2PF4EM0P5%L

G(FR5 W � 3�� 0 S 0P5%L
5 @�S GHB#@ 5 L=z 0 B&F4G 0
B?�AFM|�0

LU@ � @NE @2w 3>0�B � L S @N5xw � % 0%F�o �% 0!F�o �
� L+S @N5�w �1 % 0%F�o �1% 0%F�o �

B 00/ � 0P5M| 0�B
B 00/ � 0 5M| 0�B
|�@ GK�REM0 L 0PE=W
|%zAF STFx| L 0 S 3�� 0
L @s�P@ E @2wPW

5 0 0R� ���x!B�

E 365 0%F S�B?�4Q B?�AFM| 0 B FRE { F W B |PE @CB 0�� 5 @PL 5 0�| 0 B B&F S 36E=W
|PE @CB 0��

� 6



� ��� �  � � ���� � � � �P� � � ��� �
�� �9� 	 ���S	 � �j�I� � � � �� � � � � # � ��� � �
Q�a�����S	 �

% z 0P5K|%FR5�{ 0 * 5x� F G 365C36G 3�� 365xw
u ��� 3 8 048�{jz 0P5�|%FR5�{ 0 * 5M�#F

u � B?�M|%z
L~zAF%L

F 2 u � 3 1 F̄ � inf
u

F 2 u 3 �B?����� @IB 0�L~zAF%L�,
a��

B 1 B � � � Z QP@s�R5M�R0R� B 0 LUB F S 0S| @NGK� FM| L
�R5x�R0PS { 0%F�o9|�@N5 2A0 SWw40 5M| 0 �
a��

F
3 B |�@ 0PSB|A3 2 0 � EM0 2 0PERB 0 LUB F S 0�QP@s�R5M�40��:� � F45M�

a��
F

3 B`{ 0%F�o E=W B 00/ � 0P5!L�3 F4E E=W#E @�{ 0PS B 0PG 3�� |�@ 5%L�3 5�� @s� Bj�
L~z 0P5�{ 0 G(F W�v @ E E @�{ L~z 0�B L 0%� B ,
� J @PL 0(L~zAF%L L~z 0PS 0,3MBHF B 00/ � 0P5x| 0

ui
B?�M|�z L~zAF%L

F 2 ui 3�� F̄
8

� � 365M| 0
F

3MB�|�@ 0PSB| 3 2 0e� L~z 0 EM0 2 0PERB 0 LUB;@%v
F

F S 0 Q @ �R5x�R0�� 8
� � 5M�R0PS L~z 0D{ 0%F�o(L @s�P@ E @2wPW��.QP@s�R5M�40�� B 0 L B�F S 0�B 00/ � 0 5%L�3 FRE E=Wy|�@ GK�AFx| L

� � L=z 0PS 0 3 B F B?�RQ B 0 / � 0P5M|�0 @%v
ui

|!FRE EN3ML
uin

F45M� FP�P@ 365%L
u � B?�M|%z L=z F%L

uin � w u � F%B
n � ∞

8
	 % 0y� B 0�L=z 0D{ 0%F�o B 0 / � 0P5%L�3 FRE E @�{ 0PS B 0PG 3�� |�@N5!L�3651�I3ML W L @ @ Q%L FI365 L=z F%L

F 2 u � 3 � liminf
n � ∞

F 2 uin 3

 " zI3 B�36GK�RE 3>0�B$L~zAF%L

F 2 u � 3 1 F̄
8

 /1�M�.��� "2�R�&!Q4 N S ' , �2�?N V �MA !U'E>x"24 �MA F
� �T!Q' ��T�V����� S ��� S �2��$���� S � ���"T!7/1JS�T!U'E>.�24E4 N �2� ;=��!Q���9� N@' � !U����>R� /@,+� J 'E��'EJK' T���A

u � d

�^l



� �7� � � � �K���� � � � �+�

� �;�3�+9 � �(q �1de���1��� � � v
F

3MB;B L+S 3}| L+E=W6| @N5!2 0+< � FR5!W#G 3 5I36G 3�� 0PS 3 B9�R5C3 / � 0-, 3 v
5%@CL L~z 0P5

u �1 �1 u �2 FR5x�
F � � F 2 λu �1 4 2 1 / λ 3 u �2 3 � λF 2 u �1 3 4 2 1 / λ 3 F 2 u �2 3 � F � @VS

F � � F � 8& � r 9 ��� 9 rst�� �*� � � �1�:�e� �
� � @x{ QI3 w 3MB$L~z 0 QP@s�R5M� 365�w QAFRE E 365 {jzI3}|%z L~z 0 GK365I36G(F4E�B @ EE�%L�3 @ 5 B

E 3 2 0 �� � @x{ QI3 wY�I@ 0 B L~zI3 B�QP@s�R5M� 365�w QAFRE ETw40 L F B*{ 0 E @V@so v @�S1FRE EVB @ EE�%L�3 @ 5 B
{ 3 L=z

F
2 FREE� 0�B*{ 3ML=zC365

ε
@%v

F � �� � @x{ QI3 w 3MB$L~z 0�B 0 L @2v
u

B&F!L�3 B v WR3 5xw
Fd̂ 2 u 3 � F � 4 ε

vT@VS B @NGH0
d̂{ 3 L=zI3 5

δ
@2v L=z 0�GH0%F B?�RS 0R���VF!L F

d
8

� � � � � �9� � # � � � �
	� �Q7�B]
� � � � � �e� ��� q � � @x{ QI3 w F S 0 L~z 0 EM0 2 0PERB 0 LUB;@%v

F
F%L @�S 5 0%F S L~z 0 G 365C36G(FRE

2 FRE5� 0K@%v
F �

� ,
F 2 u 3 ' � >./��s;=� NY�2��$ !Q������"23&$�'HG:�RAQ���&!U' �24s�T!�� JK'E��'EJ 'UT�'5��8

u � >?/1�&!7�%'E�M�
�2�

ε
32�24E4s�MA�/@"2��$ !Q��� /�AU'[8\'5� /@, !Q���9$ "b�24 � V �%>��

B � !Q���R� ���	��� /�� !Q�2��!h�T!
4E�.��� !^/ "2A('E�x� !7�231'E4E' !5N ' � � / �+/�AB�.�K!U�2�2�

1 
 ε d

� �



� ��� ����� � � � ����� � � �!� ��� �
� ���L� � �����

� v1W @s� F S 0 { 3 B?zI365�w �+zAFM� 5 0 2 0PS @s�C0P5 0R� W�@s�RS10 W!0�B LU@ FRE E4L=z 0�L~zI365xwCB L~zAF%L
F S 0�5 0 0��40�� L @ �45M�R0PS B L FR5M� � 0%F B W �L~zI365xwCB E 3 o+0 G 365I3 G 3�� F%L�3M@N5 @2v
v �R5x| L�3M@N5 Bj�VW�@ � G 3 wsz%L L F�o�0S| @NG vT@VS L v S @NG�,

G ;=��A-N%/���� ��� /��+�K�h�2�T!�� >x"2A ;.�9' � S "2�&!U'E4 �1�S�%� � � ! "2$�'E�R$����2/ ".8:�
JS�T!U����J9�T!Q'5>V��!7/P3 �R>?/�J � >?/��@, " �.��$P3 N !U���9>?/ "%�&!Q45�V� � � N@>��cVa!Q' /��M��d

n 0 E 3=< / EM0 365

� �



� ���
� ���L�� � � � ���S	����� �9� �
��# � �S�!�
� � �l���� ���� �"  � '� ���� ������
� �1� � �5��� q � � w 3 2A0�FSv 0.{ 3 5 B 3 wsz%L BH365!L @�{
zAF!L " : G 3 5I36G 3�� F%L�3 @ 5�3 B;FRE E�FRQ @ �%L
� r � r ��� S 0�B 0P5%L;FR5 0+<CFRGK�4EM0�@2v L=z 0 �%B 0K@%vX" : GK365I36G 3 �!F%L�3 @ 5�v @�S

S FM� 3 @2wNS F���zI3}|9�VF!L F 8 � 5 B?�I36S 0R� Q W L~z 0�5 0 0�� LU@365!2 0PSXL B?�AF S B 0
S FM� 3 @2wNS F���zI3}|9�VF!L F<� { 0 F S 0 365%L 0PS 0�B L 0�� 365 L~z 0Dv @ E E @�{ 365xw 0 / �AF%L�3 @ 5 ,

u �����	��
��� � argmin
u

F 2 u 3 1 argmin
u

� -.-
Pu / d

-.- 2 4
Ω

-
∇u
- �% 0 5 @x{ 0�<&�4E>FI365 {
z!W L~zI3 B�3 B F1��� S @s� S 3 F%L 048

� �



% 0S| @N5 B 3 �R0PS L=z 0 ��� � � 36GH0P5 B 3 @ 5AFRE �Z|�@N5!L�3651� @ �%B |%F%B 0-,
{ 0�|�@ GK���!L 0

F 2 u 3 � � Ω
-
∇u
-
pdx

∆x

d

slope = s

graph of u

F 2 u 3 1 sp 2 ∆x 3 1 � s∆x � p
� ∆x � p � 1 1 dp 2 ∆x 3 1 � p



p � 1


F 2 u 3 �

∆x � 0
∞



p 1 1


F 2 u 3 1 d



p � 1


F 2 u 3 �

∆x � 0
0

� q � rst�q � �;(1� � � q � �D�


 n @VS
p � 1

� 3 B | @N5%L�365��C3ML�3 0�B F S 0 F!2 @ 3}�R0�� 8X8X8 B GH@V@PL=z
u

� S 0.v 0PS S 0R���

 n @VS

p � 1
� 3 B | @N5%L�365��C3ML�3 0�B�|�@CB L 5 @PL~zI365xw 8X8X89B L 0%�

u
� S 0?v 0PS S 0�� �


 $ � " v @VS
p 1 1

@N54E=W L~z 0�2 F S 3 F%L�3M@N5 @VS5& �4GK�#G(F�wN5I3 L=�M�40 � |�@s�R5%LUB  �.5 @
QC3 F B$LU@x{ F SB�4B$0A3ML~z 0PS B GH@V@CL~z @VS B L 0%�
	

� 




� �  #K�� � � �����
� �6� " � �H�  ��� U��� �  	 � � ���

& � q  t �:� ��F�<�36G 3�� 0
f 2 x 3 B?�4Q'& 0�| L L @

g 2 x 3 1 c
8

� � t ���8� t �+�1�M�`�e�;( q � n 365M� B L F%L�3M@N5AF S W �P@ 365%LUB;@%v
L 2 x � λ 3 � f 2 x 354 λg 2 x 3� q C C C�B @ E=2 0

DL 2 x � λ 3 1 D f 2 x 354 λDg 2 x 3 1 0

D �C3}| L~�RS 0-,

X*

Gradient of  f

Gradient of g

g = 0

f = 0

f = 1

f = 2

� �



� �  #K�� � � � ����	 ������ �

� 09|%FR5��R0�*.5 0 F B?�AFM| 0 @2v v �45M| L�3 @N5%B*{
z%@IB 0 5 @�S G 3MB QAF B 0R� @ 5 L=z 0
G 0%F%B?�RS 0l{ 0,365%L+S @ � �M| 0�� LU@ E @V@ o F%L 0�� w40�Bj�

F 2 f 3 � � Ω
-
∇ f
-
dµ

8
" z 0 B?� FM| 0D{ 36E E QC0�L~z @IB 0

f : � N � � B?�M|�z L~zAF%L

f � L1 2 Ω 3 FR5M�
Ω

-
D f

- � ∞

{
z 0PS 0D{ 09�R0�*.5 0 � Ω
-
D f

- {jz 0P5
f
�
� C1 2 Ω 3 Q W

Ω

-
D f

- � sup

�
Ω

f ������� g � dx : g � C1
c � Ω �
	 N � ��� g � x ��� 1 � x � Ω �

��� L�� ����������� �!�"�#�%$ � � L&� �('*) ��+-, G .�/10
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 � � �+� � � �����7� 

� : �!� � +2- 6 = * �7* � �"�#� , � �K�H* ���7� +;: * � � :>=#� �,* � +�� �#N

F � u � X α∑
i � j
�∇i � ju � 4 1

2
�2�Pu D d �2� 2

� � � � , � α X 2
λ � � � � ���,* �4* * + (%� , + O��!� B �,*

α∑
i � j

∇T
i � j

M
∇i � ju�∇i � ju � N 4 PT Pu D PT d X 0

� �7* =#,d� * � �Z� � � * + � � �4* � , �H* ���7� - �,* ��+ ��* � �H* � �!� ��� � 6 , + �7� � � +@� �I� , B �%�* + � =?� �	� = � $��K�J� 6 + � � * U T�� � �4* � , �5* ���7� - �,* ��+ � �Z� B � �I� � .�/
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∇T
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M
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TD� �Z���-�H*��"� ���6*�� �&� � �5* � 1�� U��
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 � ��� � � ����� ����
 � ��� � � �
� ������� � ��� � �
� � � �#6#6 , + �8� � * + � - � B � , � B�= N � , �)(9�5* � +���0 � �P* * � � - ����� =#, �J� � - � B � d

. �* � � � � �4* �e�#NE�-�5* � � � U � U u � x � 0 � X d � � � � 	 ,d=?��
 * � � � ���5* � � = �5* � +@�
∂u
∂t
X ∇ � � ∇u �:>, +.-

t X 0 * + t X τ
U

� �%� = N *>� 0


u � x � τ � �Z�D� � - +-+ * � �9� �I� , ��� +�� +K: * � � � - � B � �F�&* � N�� ��B * � �����?N��J�� = 6#6 , �J� ���9� � - �?N N�� , * � � ���
τ� 1 � =#� �?�J��� , � . N��RN + � � +;: �9� B � � ��: +E,�- �5* � +���U

1 ��+ * � � , �?6#6 , + �8� ��0 @� , +�� � � � �#NP� � � ������ � = ���7* � � � .K+ �7� �F�4* � �- + ����$a�9�  � 	 O
∂u
∂t
X ∇ � � g � �2�∇u �2�e� ∇u �

� � � , � g O � ��+ � � ���F* � ��� \T["! ! c g�� ���;g���\dcP[?g O �Z��� ��+ ��� � � + ���F* + � = 6#6 , �%� �* � � �a��� = ��� +�� �5*MN + ���5* � +�� � �D�4* � � � B@� B@, �8��� � � * � U
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U = 6#6 + ��� �!� � � � * * + �%�+* � - �5* � �(6C� �9�J� �F�Z���"� +�� �+* � � * :>=?� �,* � +@� :>, +2- ���+ �Z� / �7� , ��� +@� +;: * � �5* :>=?� �,* � +@�-U

�*+�.#= �+* �J�+* � - �5* � +@� �#6#6 , + �8� � �J� * � ��� 6 , +�. N�� - .�/ - � � � - �)(8� ��B
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� � � , � ρ �Z�F� bT[�� � � \��9bdbQ[ b gC[ b�# � * � � � � +K: � � � B �5* ���7� N +CB NP� � �KNP� ��+�+ � ��F�&* � � � * , � � ���Z� �����#N�� σ

U
���	��
 � ��+-+ ���"� ��+-,�- � = � � * � �5* �a��� � , � � �9�J��� .K+ �7� � �����#N�� σ � , � B ���7� �N��J� � � �I� B�� * � +-, � �7� ��- = � � N��J� � �!�I� B�� * � U
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